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Abstract
In this paper we study the large time behavior of the (minimal)
heat kernel kM
P
(x, y, t) of a general time independent parabolic operator
L = ut+P (x, ∂x) which is defined on a noncompact manifoldM . More
precisely, we prove that
lim
t→∞
eλ0tkMP (x, y, t)
always exists. Here λ0 is the generalized principal eigenvalue of the
operator P in M .
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1 Introduction
Let kMP (x, y, t) be the (minimal) heat kernel of a time independent parabolic
operator Lu = ut+P (x, ∂x)u which is defined on a noncompact Riemannian
manifold M . Denote by λ0 the generalized (Dirichlet) principal eigenvalue
of the operator P in M .
Over the past three decades, there have been a large number of works
devoted to large time estimates of the heat kernel in various settings (see for
example the following monographs and survey articles [2, 4, 6, 8, 9, 14, 15,
16, 17, 19, 20, 21], and the references therein). Despite the wide diversity
of the results in this field, the following basic question has not been fully
answered.
Question 1.1 Does limt→∞ e
λ0tkMP (x, y, t) always exist?
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The aim of this paper is to give a complete answer to Question 1.1 for
arbitrary P and M . The following theorem [12] gives only a partial answer
to the above question (see also [3, 9, 14, 18, 19]).
Theorem 1.2 Let P an elliptic operator on M .
(i) If P − λ0 is subcritical in M (i.e.
∫∞
0 e
λ0tkMP (x, y, t)dt <∞), then
lim
t→∞
eλ0tkMP (x, y, t) = 0.
(ii) If P − λ0 is positive-critical in M (i.e.
∫∞
0 e
λ0tkMP (x, y, t) dt =∞, and
the ground states ϕ and ϕ∗ of P − λ0 and P
∗− λ0 respectively, satisfy
ϕ∗ϕ ∈ L1(M)), then
lim
t→∞
eλ0tkMP (x, y, t) =
ϕ(x)ϕ∗(y)∫
M
ϕ∗(z)ϕ(z) dz
.
(iii) If P − λ0 is null-critical in M (i.e.
∫∞
0 e
λ0tkMP (x, y, t) dt = ∞, and
the ground states ϕ and ϕ∗ of P − λ0 and P
∗− λ0 respectively, satisfy
ϕ∗ϕ 6∈ L1(M)), then
lim
T→∞
1
T
∫ T
0
eλ0tkMP (x, y, t) dt = 0.
Moreover, if one assumes further that P is a formally symmetric opera-
tor (P = P ∗), then in the null-critical case limt→∞ e
λ0tkMP (x, y, t) = 0.
The main result of the present paper is the following theorem which
answers the author’s conjecture [12, Remark 1.4] about the existence of the
limit in the null-critical nonsymmetric case.
Theorem 1.3 Assume that P − λ0 is a (nonsymmetric) null-critical oper-
ator in M . Then
lim
t→∞
eλ0tkMP (x, y, t) = 0.
Thus, theorems 1.2 and 1.3 indeed solve Question 1.1. More precisely, with
the aid of Theorem 1.1 of [12], we have
Corollary 1.4 The limt→∞ e
λ0tkMP (x, y, t) exists for all x, y ∈ M , and the
limit is positive if and only if the operator P − λ0 is positive-critical.
Moreover, let GMP−λ(x, y) be the minimal positive Green function of the
elliptic operator P − λ on M . Then
lim
t→∞
eλ0tkMP (x, y, t) = lim
λրλ0
(λ0 − λ)G
M
P−λ(x, y). (1.1)
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The proof of Theorem 1.3 hinges on Lemma 4.1 which is a slight extension
of a lemma of Varadhan (see, [19, Lemma 9, page 259] or [14, pp. 192–193]).
Varadhan proved his lemma for positive-critical operators on Rd using a
purely probabilistic approach. Our key observation is that the assertion
of Varadhan’s lemma is valid under the weaker assumption that the skew
product operator P¯ = P ⊗ I + I ⊗ P is critical in M¯ = M ×M , where I is
the identity operator on M . We note that if P¯ is subcritical in M¯ , then by
Theorem 1.2, the heat kernel of P¯ on M¯ tends to zero as t→∞. Since the
heat kernel of P¯ is equal to the product of the heat kernels of its factors, it
follows that if P¯ is subcritical in M¯ , then limt→∞ k
M
P (x, y, t) = 0.
In Section 4, we formulate and give a purely analytic proof of Lemma
4.1. Our proof of the lemma is in fact the translation of Varadhan’s proof
to the analytic apparatus. It uses the large time behaviors of the parabolic
capacitory potential and of the heat content (see Section 3).
The proof of Theorem 1.3 is given in Section 5. We conclude the paper
with some open problems which are closely related to the large time behavior
of the heat kernel (see Section 6).
Remark 1.5 In the null-recurrent case, the heat kernel may decay very
slowly as t → ∞, and one can construct a complete Riemannian manifold
M such that all its Riemannian products M j , j ≥ 1 are null-recurrent (see
[5]).
Remark 1.6 We would like to point out that the results of this paper, are
also valid for an elliptic operator P in divergence form and also for a strongly
elliptic operator P with locally bounded coefficients.
2 Preliminaries
Let P be a linear, second order, elliptic operator defined in a noncompact,
connected, C3-smooth Riemannian manifold M of dimension d. Here P is
an elliptic operator with real, Ho¨lder continuous coefficients which in any
coordinate system (U ;x1, . . . , xd) has the form
P (x, ∂x) = −
d∑
i,j=1
aij(x)∂i∂j +
d∑
i=1
bi(x)∂i + c(x), (2.1)
where ∂i = ∂/∂xi. We assume that for every x ∈M the real quadratic form
d∑
i,j=1
aij(x)ξiξj, ξ = (ξ1, . . . , ξd) ∈ R
d (2.2)
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is positive definite. The formal adjoint of P is denoted by P ∗. We consider
the parabolic operator L
Lu = ut + Pu on M × (0,∞). (2.3)
Let {Mj}
∞
j=1 be an exhaustion ofM , i.e. a sequence of smooth, relatively
compact domains such that M1 6= ∅, cl(Mj) ⊂Mj+1 and ∪∞j=1Mj = M . For
every j ≥ 1, we denote M∗j = M \ cl(Mj). Let M∞ = M ∪ {∞} be the
one-point compactification of M . By the notation x → ∞, we mean that
x→∞ in the topology of M∞.
Denote the cone of all positive (classical) solutions of the equation Pu=0
in M by CP (M). The generalized principal eigenvalue is defined by
λ0 = λ0(P,M) := sup{λ ∈ R : CP−λ(M) 6= ∅}.
Throughout this paper we always assume that λ0 ≥ 0.
For every j ≥ 1, consider the Dirichlet heat kernel k
Mj
P (x, y, t) of the
parabolic operator L = ∂t + P in Mj. So, for every continuous function f
with a compact support in M , u(x, t) =
∫
Mj
k
Mj
P (x, y, t)f(y) dy solves the
initial-Dirichlet boundary value problems
Lu = 0 in Mj × (0,∞),
u = 0 on ∂Mj × (0,∞), (2.4)
u = f on Mj × {0}.
By the maximum principle, {k
Mj
P (x, y, t)}
∞
j=1 is an increasing sequence which
converges to kMP (x, y, t), the minimal heat kernel of the parabolic operator
L in M . If∫ ∞
0
kMP (x, y, t) dt <∞ (respectively,
∫∞
0 k
M
P (x, y, t) dt =∞),
then P is said to be a subcritical (respectively, critical) operator in M , [14].
It can be easily checked that for λ ≤ λ0, the heat kernel k
M
P−λ of the
operator P − λ is equal to eλtkMP (x, y, t). Since we are interested in the
asymptotic behavior of eλ0tkMP (x, y, t), we assume throughout the paper
(unless otherwise stated) that λ0 = 0.
It is well known that if λ0 > 0, then P is subcritical in M . Clearly,
P is critical (respectively, subcritical) in M , if and only if P ∗ is critical
(respectively, subcritical) in M . Furthermore, if P is critical in M , then
CP (M) is a one-dimensional cone. In this case, ϕ ∈ CP (M) is called a
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ground state of the operator P in M [12, 14]. We denote the ground state
of P ∗ by ϕ∗.
The ground state ϕ is a global positive solution of the equation Pu = 0
of minimal growth in a neighborhood of infinity inM . That is, if v ∈ C(M∗j )
is a positive solution of the equation Pu = 0 in M∗j such that ϕ ≤ v on
∂M∗j , then ϕ ≤ v in M
∗
j [12, 14].
In the critical case, the ground state ϕ (respectively, ϕ∗) is a positive
invariant solution of the operator P (respectively, P ∗) inM (see for example
[12, 14]). That is,∫
M
kMP (x, y, t)ϕ(y) dy = ϕ(x), and
∫
M
kMP (x, y, t)ϕ
∗(x) dx = ϕ∗(y). (2.5)
Definition 2.1 A critical operator P is said to be positive-critical in M if
ϕ∗ϕ ∈ L1(M), and null-critical in M if ϕ∗ϕ 6∈ L1(M).
Remark 2.2 Let 1 be the constant function on M , taking at any point x ∈
M the value 1. Suppose that P1 = 0. Then P is subcritical (respectively,
positive-critical, null-critical) in M if and only if the corresponding diffusion
process is transient (respectively, positive-recurrent, null-recurrent) [14]. In
fact, since we are interested in the critical case, it is natural to use the
h-transform with h = ϕ. So,
Pϕu =
1
ϕ
P (ϕu) and kMPϕ(x, y, t) =
1
ϕ(x)
kMP (x, y, t)ϕ(y).
Note that Pϕ is null-critical (respectively, positive-critical) if and only if P
is null-critical (respectively, positive-critical), and the ground states of Pϕ
and (Pϕ)∗ are 1 and ϕ∗ϕ, respectively. Moreover,
lim
t→∞
kMPϕ(x, y, t) = 0 if and only if lim
t→∞
kMP (x, y, t) = 0.
Therefore, throughout the paper (unless otherwise stated), we assume that
(A) P1 = 0, and P is a critical operator in M.
It is well known that on a general noncompact manifold M , the solution
of the Cauchy problem for the parabolic equation Lu = 0 is not uniquely
determined (see for example [10] and the references therein). On the other
hand, under Assumption (A), there is a unique minimal solution of the
Cauchy problem and of certain initial-boundary value problems for bounded
initial and boundary conditions. More precisely,
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Definition 2.3 Let f be a bounded continuous function on M . By the
minimal solution u of the Cauchy problem
Lu = 0 in M × (0,∞),
u = f on B∗ × {0},
we mean the function
u(x, t) :=
∫
M
kMP (x, y, t)f(y) dy. (2.6)
Definition 2.4 Let B ⊂⊂M be a smooth bounded domain such that B∗ :=
M \ cl(B) is connected. Assume that f is a bounded continuous function on
B∗, and g is a bounded continuous function on ∂B×(0,∞). By the minimal
solution u of the initial-boundary value problem
Lu = 0 in B∗ × (0,∞),
u = g on ∂B × (0,∞), (2.7)
u = f on B∗ × {0},
we mean the limit of the solutions uj of the following initial-boundary value
problems
Lu = 0 in (B∗ ∩Mj)× (0,∞),
u = g on ∂B × (0,∞),
u = 0 on ∂Mj × (0,∞),
u = f on (B∗ ∩Mj)× {0}.
Remark 2.5 It can be easily checked that the sequence {uj} is indeed a
converging sequence which converges to a solution of the initial-boundary
value problem (2.7).
3 Auxiliary results
Lemma 3.1 Assume that P1 = 0 and that P is critical in M . Let B :=
B(x0, δ) ⊂⊂ M be the ball of radius δ centered at x0, and suppose that
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B∗ = M \ cl(B) is connected. Let w be the heat content of B∗, i.e. the
minimal nonnegative solution of the following initial-boundary value problem
Lu = 0 in B∗ × (0,∞),
u = 0 on ∂B × (0,∞), (3.1)
u = 1 on B∗ × {0}.
Then w is a decreasing function of t, and limt→∞w(x, t) = 0 locally uni-
formly in M .
Proof: Clearly,
w(x, t) =
∫
B∗
kB
∗
P (x, y, t) dy <
∫
M
kMP (x, y, t) dy = 1. (3.2)
It follows that 0 < w < 1 in B∗ × (0,∞). Let ε > 0. By the semigroup
identity and (3.2),
w(x, t+ ε) =
∫
B∗
kB
∗
P (x, y, t+ ε) dy =
∫
B∗
(∫
B∗
kB
∗
P (x, z, t)k
B∗
P (z, y, ε) dz
)
dy = (3.3)
∫
B∗
kB
∗
P (x, z, t)
(∫
B∗
kB
∗
P (z, y, ε) dy
)
dz <
∫
B∗
kB
∗
P (x, z, t) dz = w(x, t).
Hence, w is a decreasing function of t, and therefore, limt→∞w(x, t) exists.
We denote the limit function by v. So, 0 ≤ v < 1 and v is a solution of
the elliptic equation Pu = 0 in B∗ which satisfies u = 0 on ∂B. Therefore,
1 − v is a positive solution of the equation Pu = 0 in B∗ which satisfies
u = 1 on ∂B. On the other hand, it follows from the criticality assumption
that 1 is the minimal positive solution of the equation Pu = 0 in B∗ which
satisfies u = 1 on ∂B. Thus, 1 ≤ 1− v, and therefore, v = 0.
Definition 3.2 Let B := B(x0, δ) ⊂⊂M . Suppose that B
∗ = M \ cl(B) is
connected. The nonnegative (minimal) solution
v(x, t) = 1−
∫
B∗
kB
∗
P (x, y, t) dy
is called the parabolic capacitory potential of B∗. Note that v is indeed the
minimal nonnegative solution of the initial-boundary value problem
Lu = 0 in B∗ × (0,∞),
u = 1 on ∂B × (0,∞), (3.4)
u = 0 on B∗ × {0}.
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Corollary 3.3 Under the assumptions of Lemma 3.1, the parabolic capaci-
tory potential v of B∗ is an increasing function of t, and limt→∞ v(x, t) = 1
locally uniformly in M .
Proof: Clearly,
v(x, t) = 1−
∫
B∗
kB
∗
P (x, y, t) dy = 1− w(x, t) (3.5)
where w is the heat content of B∗. Therefore, the corollary follows directly
from Lemma 3.1.
4 Varadhan’s lemma
In this section, we give a purely analytic proof of a lemma of Varadhan
[19, Lemma 9, page 259] for a slightly more general case. We consider the
Riemannian product manifold M¯ := M ×M . A point in M¯ is denoted by
x¯ = (x1, x2). Let Pxi , i = 1, 2 denote the operator P in the variable xi, and
let P¯ = Px1 + Px2 be the skew product operator defined on M¯ . We denote
by L¯ the corresponding parabolic operator. Note that if P¯ is critical in M¯ ,
then P is critical in M . Moreover, if P is positive-critical in M , then P¯ is
positive-critical in M¯ .
Lemma 4.1 Assume that P1 = 0. Suppose further that P¯ is critical on M¯ .
Let f be a continuous bounded function on M , and let
u(x, t) =
∫
M
kMP (x, y, t)f(y) dy
be the minimal solution of the Cauchy problem with initial data f on M .
Fix K ⊂⊂M . Then
lim
t→∞
sup
x1,x2∈K
|u(x1, t)− u(x2, t)| = 0.
Proof: Denote by u¯(x¯, t) := u(x1, t) − u(x2, t). Recall that the heat kernel
k¯(x¯, y¯, t) of the operator L¯ on M¯ satisfies
k¯M¯
P¯
(x¯, y¯, t) = kMP (x1, y1, t)k
M
P (x2, y2, t). (4.1)
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By (2.5) and (4.1), we have
u¯(x¯, t) = u(x1, t)− u(x2, t) =∫
M
kMP (x1, y1, t)f(y1) dy1 −
∫
M
kMP (x2, y2, t)f(y2) dy2 =∫
M
∫
M
kMP (x1, y1, t)k
M
P (x2, y2, t)(f(y1)− f(y2)) dy1dy2 =∫
M¯
k¯M¯
P¯
(x¯, y¯, t)(f(y1)− f(y2)) dy¯.
Hence, u¯ is the minimal solution of the Cauchy problem for the equation
L¯u¯ = 0 with initial data f(x1)− f(x2) on M¯ .
Fix a compact set K ⊂⊂ M and x0 ∈ M \ K, and let ε > 0. Let
B := B((x0, x0), δ) ⊂⊂ M¯ \K¯, where K¯ = K×K, and δ will be determined
below. We may assume that B∗ = M¯ \ cl(B) is connected. Then u¯ is a
minimal solution of the following initial-boundary value problem
L¯u¯ = 0 in B∗ × (0,∞),
u¯(x¯, t) = u(x1, t)− u(x2, t) on ∂B × (0,∞), (4.2)
u¯(x¯, 0) = f(x1)− f(x2) on B
∗ × {0}.
We need to prove that limt→∞ u¯(x¯, t) = 0.
By the superposition principle (which obviously holds for minimal solu-
tions), we have
u¯(x¯, t) = u1(x¯, t) + u2(x¯, t) on B
∗ × [1,∞),
where u1 solves the initial-boundary value problem
L¯u1 = 0 in B
∗ × (1,∞),
u1(x¯, t) = u(x1, t)− u(x2, t) on ∂B × (1,∞), (4.3)
u1(x¯, 0) = 0 on B
∗ × {1},
and u2 solves the initial-boundary value problem
L¯u2 = 0 in B
∗ × (1,∞),
u2(x¯, t) = 0 on ∂B × (1,∞), (4.4)
u2(x¯, 0) = u(x1, 1) − u(x2, 1) on B
∗ × {1}.
Clearly, |u¯(x¯, t)| ≤ 2‖f‖∞ on M¯ × (0,∞). Note that if x¯ = (x1, x2) ∈
∂B, then on M , distM (x1, x2) < 2δ. Using Schauder’s parabolic interior
estimates on M , it follows that if δ is small enough, then
|u¯(x¯, t)| = |u(x1, t)− u(x2, t)| < ε on ∂B × (1,∞).
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By comparison of u1 with the parabolic capacitory potential of B
∗, we obtain
that
|u1(x¯, t)| ≤ ε
(
1−
∫
B∗
k¯B
∗
P¯
(x¯, y¯, t− 1) dy¯
)
< ε in B∗ × (1,∞). (4.5)
On the other hand,
|u2(x¯, t)| ≤ 2‖f‖∞
∫
B∗
k¯B
∗
P¯
(x¯, y¯, t− 1) dy¯ in B∗ × (1,∞). (4.6)
It follows from (4.6) and Lemma 3.1 that there exists T > 0 such that
|u2(x¯, t)| ≤ ε for all x¯ ∈ K¯ and t > T. (4.7)
Combining (4.5) and (4.7), we obtain that |u(x1, t) − u(x2, t)| ≤ 2ε for all
x1, x2 ∈ K and t > T . Since ε is arbitrary, the lemma is proved.
5 Proof of Theorem 1.3
Without loss of generality, we may assume that P1 = 0, where P is a null-
critical operator in M . We need to prove that limt→∞ k
M
P (x, y, t) = 0.
Consider again the Riemannian product manifold M¯ := M ×M and let
P¯ = Px1 +Px2 be the corresponding skew product operator which is defined
on M¯ . If P¯ is subcritical on M¯ , then by Theorem 1.2, limt→∞ k¯
M¯
P¯
(x, y, t) =
0. Since
k¯M¯
P¯
(x¯, y¯, t) = kMP (x1, y1, t)k
M
P (x2, y2, t),
it follows that limt→∞ k
M
P (x, y, t) = 0.
Therefore, there remains to prove the theorem for the case where P¯ is
critical in M¯ . Fix a nonnegative, bounded, continuous function f 6= 0 such
that ϕ∗f ∈ L1(M), and consider the solution
v(x, t) =
∫
M
kMP (x, y, t)f(y) dy.
Let tn → ∞. then by subtracting a subsequence, we may assume that
for any t ∈ R the function v(x, t + tn) converges to a nonnegative solution
u ∈ H+(M × R), where
H+(M × R) := {u ≥ 0 |Lu = 0 in M × R}.
Invoking Lemma 4.1 (Varadhan’s lemma), we see that u(x, t) = α(t).
Since u solves the parabolic equation Lu = 0, it follows that α(t) is a
nonnegative constant α.
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We claim that α = 0. Suppose to the contrary that α > 0. The assump-
tion that ϕ∗f ∈ L1(M) and (2.5) imply that for any t > 0∫
M
ϕ∗(y)v(y, t) dy =
∫
M
ϕ∗(y)
(∫
M
kMP (y, z, t)f(z) dz
)
dy =∫
M
(∫
M
ϕ∗(y)kMP (y, z, t) dy
)
f(z) dz =
∫
M
ϕ∗(z)f(z) dz <∞. (5.1)
On the other hand, by the null-criticality, Fatou’s lemma, and (5.1) we have
∞ =
∫
M
ϕ∗(z)α dz =
∫
M
ϕ∗(z) lim
n→∞
v(z, tn) dz ≤
lim inf
n→∞
∫
M
ϕ∗(z)v(z, tn) dz =
∫
M
ϕ∗(z)f(z) dz <∞.
Hence α = 0, and therefore
lim
t→∞
∫
M
kMP (x, y, t)f(y) dy = lim
t→∞
v(x, t) = 0. (5.2)
Using the parabolic Harnack inequality and (2.5), we obtain that
kMP (x, y, t+ tn) ≤ c2(y)ϕ(x), k
M
P (x, y, t+ tn) ≤ c1(x)ϕ
∗(y) (5.3)
for all x, y ∈M and t+tn > 1 (see [12]). Now let tn →∞ be a sequence such
that limn→∞ k
M
P (x, y, t+ tn) exists for all (x, y, t) ∈M ×M ×R. We denote
the limit function by u(x, y, t). It is enough to show that any such u is the
zero solution. Recall that as a function of x and t, u ∈ H+(M×R) (see [12]).
Moreover, (5.3), the semigroup identity, and the dominated convergence
theorem imply that
u(x, z, t + 1) =
∫
M
u(x, y, t)kMP (y, z, 1) dy.
It follows that either u = 0, or u is a strictly positive function. On the other
hand, Fatou’s lemma and (5.2) imply that∫
M
u(x, y, 0)f(y) dy ≤ lim
n→∞
∫
M
kMP (x, y, tn)f(y) dy = 0.
Since f 	 0, it follows that u = 0.
Let P be an elliptic operator of the form (2.1) such that λ0 ≥ 0, and let
v ∈ CP (M) and v
∗ ∈ CP ∗(M). It is well known [13] that∫
M
kMP (x, y, t)v(y) dy ≤ v(x), and
∫
M
kMP (x, y, t)v
∗(x) dx ≤ v∗(y). (5.4)
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The parabolic Harnack inequality and (5.4) imply that
kMP (x, y, t) ≤ c1(y)v(x), k
M
P (x, y, t) ≤ c2(x)v
∗(y) (5.5)
for all x, y ∈ M and t > 1 (see [12]). Recall that in the critical case, v and
v∗ are in fact the ground states ϕ and ϕ∗ of P and P ∗ respectively, and by
(2.5), we have equalities in (5.4).
We now use theorems 1.2 and 1.3, estimate (5.5), and the dominated
convergence theorem to strengthen Lemma 4.1 for initial conditions which
satisfy a certain integrability condition.
Corollary 5.1 Let P be an elliptic operator of the form (2.1) such that
λ0 ≥ 0. Let f be a continuous function on M such that v
∗f ∈ L1(M) for
some v∗ ∈ CP ∗(M). Let
u(x, t) =
∫
M
kMP (x, y, t)f(y) dy
be the minimal solution of the Cauchy problem with initial data f on M .
Fix K ⊂⊂M . Then
lim
t→∞
sup
x∈K
|u(x, t) −F(x)| = 0,
where
F(x) =
{
ϕ(x)
∫
M
ϕ∗(y)f(y) dy∫
M
ϕ∗(y)ϕ(y) dy
if P is positive-critical in M,
0 otherwise.
Suppose now that P1 = 0 and
∫
M
kMP (·, y, t) dy = 1 (i.e. 1 is a positive
invariant solution of the operator P in M). Corollary 5.1 implies that for
any j ≥ 1 and all x ∈M we have
lim
t→∞
∫
M∗j
kMP (x, y, t) dy =


∫
M∗
j
ϕ∗(y) dy∫
M
ϕ∗(y) dy
if P is positive-critical in M,
1 otherwise.
Therefore, if P is not positive-critical in M , and f is a bounded continuous
function such that lim infx→∞ f(x) = ε > 0, then
lim inf
t→∞
∫
M
kMP (x, y, t)f(y) dy ≥ ε. (5.6)
Hence, if the integrability condition of Corollary 5.1 is not satisfied, then
the large time behavior of the minimal solution of the Cauchy problem may
be complicated. The following example of W. Kirsch and B. Simon [11]
demonstrates this phenomenon.
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Example 5.2 Consider the heat equation in Rd. Let Rj = e
ej and let
f(x) = 2 + (−1)j if Rj < sup
1≤i≤d
|yi| < Rj+1, j ≥ 1.
Let u be the minimal solution of the Cauchy problem with initial data f .
Then for t ∼ RjRj+1 one has that u(0, t) ∼ 2 + (−1)
j , and thus u(0, t) does
not have a limit. Note that by Lemma 4.1, for d = 1, u(x, t) has exactly the
same asymptotic behavior as u(0, t) for all x ∈ R.
6 Remarks and open problems
In this section, we mention some general open problems that are related to
the large time behavior of the heat kernel. The first conjecture deals with
the exact long time asymptotics of the heat kernel.
Conjecture 6.1 (E. B. Davies [7]) Let L = ut + P (x, ∂x) be a parabolic
operator which is defined on a Riemannian manifold M . Fix a reference
point x0 ∈M . Then the limit
lim
t→∞
kMP (x, y, t)
kMP (x0, x0, t)
(6.1)
exists and is positive for all x, y ∈M .
The answer to this conjecture seems to be closely related to the question of
the existence of a λ0-invariant positive solution (see [7, 13]).
The second conjecture was posed by the author [12, Conjecture 3.6].
Conjecture 6.2 Suppose that P is a critical operator inM , then the ground
state ϕ is a minimal positive solution in the cone H+(M × R) of all non-
negative solutions of the parabolic equation Lu = 0 in M × R.
As noticed in [12], if the conjecture is true, then Theorem 1.3 would follow
from (5.3).
Recall also that by the parabolic Martin representation theorem, the
minimal positive solutions in H+(M×R) are all parabolic Martin functions.
Note that in the positive-critical case, the ground state is clearly a parabolic
Martin function K which corresponds to a fundamental sequence of the form
{(tn, y0)}, where tn → −∞ and y0 is a fixed point in M . Indeed, by the
definition of a Martin function and Theorem 1.2, we have
K(x, y0, t) = lim
n→∞
kMP (x, y0, t− tn)
kMP (x0, y0,−tn)
=
ϕ(x)
ϕ(x0)
. (6.2)
13
On the other hand, if Conjecture 6.1 is true, then it can be easily checked
that (6.2) is valid also in the null-critical case and therefore, the ground
state is always a Martin function.
Recently K. Burdzy and T. S. Salisbury [1] raised the following more
general problem
Question 6.3 Determine which minimal harmonic functions are minimal
in H+(M × R), the cone of all parabolic functions.
For more details see [1].
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